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Abstract:

Agraph G = (V,E) with n vertices is said to admit prime labeling if its vertices can be labeled with distinct positive integers not exceeding N such that
the label of each pair of adjacent vertices are relatively prime. A graph G which admits prime labeling is called a prime graph. And a graph G is said to

be a strongly prime graph if for any vertex V of G there exists a prime labeling f satisfying f (V) =1. In this paper we investigate prime labeling for

some graphs related to H- graph, ladder graph, comb graph and also we prove that comb graph is a strongly prime graph.
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1. INTRODUCTION:

In this paper, we consider only simple, finite, undirected
and non trivial graph G = (V(G), E(G)) with the vertex set
V(G) and the edge set E(G). The set of vertices adjacent to a
vertex u of G is denoted by N(u). For notations and
terminology we refer to Bondy and Murthy [1].

Two integers a and b are said to be relatively prime if their
greatest common divisor is 1. Relatively prime numbers
play an important role in both analytic and algebraic
number theory. The notion of a prime labeling was
introduced by Roger Entringer and was discussed in a
paper by Tout. A (1982 P 365-368) [7]. Many researchers
have studied prime graph. For example Fu.H (1994 P 181-
186) [3] have proved that path P, on n vertices is a prime
graph. Deresky.T (1991 P 359-369) [2] have proved that the
C, on n vertices is a prime graph. Lee.S (1998 P 59-67) [5]
have proved that wheel W, is a prime graph iff n is even.
Around 1980 Roger Etringer conjectured that all trees
having prime labeling which is not settled till today.

In [8] S.K.Vaidya and K.K.Kanani have proved the Prime
Labeling For Some Cycle Related Graph. In [6] S.Meena and
K.Vaithiligam have proved the Prime Labeling For Some
Helm Related Graph (2013 P 1075-1085).

In [9] S.K.Vaidya and Udayan M.Prajapati have introduced

Strongly prime graph and has proved the C,, P and
Kl,n are Strongly prime graphs and W, is a Strongly prime

graph for every even integer n > 4, in Some New Results On
Prime Graph (2012 P 99-104). In [10] R.Vasuki and
A.Nagarajan have proved Some Results On Super Mean
Graphs Vol.3 (2009), 82-96.For latest Dynamic Survey On
Graph Labeling we refer to [4] (Gallian J.A., 2009). Vast
amount of literature is available on different types of graph

labeling more than 1000 research papers have been
published so far in last four decades.

Definition 1.1:

Let G=(V(G),E(G)) be a graph with p vertices. A
bijection f:V(G) —>{L2,...... p}is called a prime labeling if
for each edge e=uv,gcd{f(u), f(v)}=1.A graph which
admits prime labeling is called a prime graph.

Definition 1.2:

A graph G is said to be a strongly prime graph if for any
vertex V of G there exists a prime labeling f satisfying

f(v)=1

Definition 1.3:
The H graph of a path P, is the graph obtained from two

n

copies of P, with vertices U}, U,,...U, and V,,V,,...V, by

n

joining the vertices unj and Vn;rl if n is odd and the
2 2

E+1
2

Definition 1.4:

The corona of a graph G on p verticesV,,V,,...V is the

vertices U and v, if nis even.

graph obtained from G by adding p new vertices
Uj,U,,...U, and the new edges U;)V; forl<i<p then it is
denoted by GU K,. And G+K; is a graph obtained from
G by adding only one new vertex V,and join every
vertices of G with V,, then the new edges are v,u, V.V,
forl<i<n

Definition 1.5:

The product P, xP, is called a ladder and it is denoted by
L

-
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Definition 1.6:
The graph P, [ K, is called a combC,,. In this paper we

investigate prime labeling for some graphs related to H- graph,
ladder graph, comb graph and also we prove that comb graph is a
strongly prime graph.

2. Prime Labeling of Some Graphs
Theorem 2.1:

The H-graph of path P, is a prime graph.
Proof:

Let Hp, be the H-graph with Vertex set is
{u,,u,,..u,,v,,v,,..v, }

The edge set is E(Hpy) = {Ujuj+1,Vj Vi+1/1<i<n-1} U{UL-‘:-].VLH.

2 2
if n is odd} (or) TUn_qVn ifnis even}.
22
Here V (H,)|=2n

Define a labeling f:V(Hp)—>{2,..2 r'}by considering the
following cases:
Case (i): When n is odd

f(u)=i+1 for 1<i<n,

F(v)=n+i+l for1§i<n7+1,
_ . n+1 .

f(v.)=n+i forTSISn,

f (vml]:l’
2
for 1<i<n-1,

here ged(f(uy), f(u,,))=1
ged(f (v,), f(v.,)) =1 cop 151 <”T‘1,

ged(f(v;), f(vi,)) =1
Since they are consecutive integers.

n+1 .
for ——<i<n,
2

ged| f|v,, | f|v,,||=9cd f(vnlj,l =1,
n 4l -t

2

ng f vn+1 ’f Vn+3 :ng 1lf(vn+3j :11

2

ged| flu

n+l ;f VLH :ng f{unﬂ],l :1,

2 2 2
Clearly vertex label are distinct.
Thus labeling defined above gives a prime labeling for a graph

H,(fornisodd) .

Figure 1: Prime labeling of H7

Case (ii): When n is even

f(u)=i+l for 1<i<n,
f(v,)=n+i+1 for1$i<%,
. n .
f(v.)=n+i forE<|Sn,
f(v,)=1
2
Now ged(f(u.), f(u.,,))=1 for 1<i<n-1,

ged(f(v;), f(vi.,)) =1
Since they are consecutive integers.

ged| flv, |, f|v, D:gcd[l, f (vn D:L
2 2 2

ged| flv, |, f|v, 1)] =gcd (1, f [vn JJ =1,
§+ E+

ugﬂﬁ =gcd (1, f [UZHD =1,

ged(f(v;), f(vi,)) =1

Since it is a consecutive integer.
Clearly vertex label are distinct. Thus labeling defined above

gives a prime labeling for a graph H, (forniseven) .

for 1gigﬂ—1
2

—h

NS

—h

ged| flv, |,

n
2

n .
for —<i<n,
2

Thus in both the cases f admits prime labeling. Hence H,
becomes a prime graph.
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Figure 2: Prime labeling of Hio

Theorem 2.2:

The graph Gl K| is a prime graph where G isa H -graph
with n vertices.

Proof:

Let G be the graph with verticesu,,u,,...U,,Vv,,v,,...v, . Let

ui,u'z,...u' and Vll,Vlz,...V'n be the corresponding new

n
vertices, join uiui' and ViV{ in G. we get the graph
G,ie, GU K.

Now the vertex set of G, is

{u,, Uy, U,V Vs,V U Uy, UL VL Vs,V Fand the edge

set E(G,)={uu,,,,v,v,,/1<i<n-Bou{uu,v,v,/1<i<n}

i+l i

u{umlvm/ if nis odd} (or)

2 2

n

u{u Va lif nis even}
tal
Here I\/(Gl)| =4n

Define a labeling f :V(G,) > {1,2,...4n} by considering the

following cases:
Case (i): When nis odd.

fu)=2i+1 for 1<i<n,
fu)=2i for 1<i<n,
F(v)=2n+2i+1 for1si<”7+1,
F(v) = 2n+2i-1 for“7”<i3n,
f(vmljzl’

2
f(v,)=2n+2i for 1<i<n,

here ged(f (u), f (u..,)) = ged(2i +1,2i +3) =1 for 1<i<n-1,

ged(f(v,), f(v,,,))=0cd(2n+2i+1,2n+2i+3) =1

for1§i<n—_1,
2

ged(f(v,), f(v,,,))=gcd(2n+2i-1,2n+2i+1) =1

for nT+1 <i<n-1,
Since they are all consecutive odd numbers.
ged(f(u,), f(u;)) =ged(2i +1,2i) =1 for 1<i<n,
ged(f(v,), f(v;)) =gcd(2n+2i+1,2n+2i) =1

for 1<i<n-1,
Since they are consecutive integers.

ng f vn+1 ’ f Vn+1 jz ng [11 f [le jJ =1,
2 771 7*1

ng f vn+1 ’ f Vn+1 ]: ng (11 f [le jj :11
2 =1 -+

ng f V n+1J = ng [11 f (u n+l j] :11

2 2 -

it | flu
Clearly vertex labels are distinct.
Thus labeling defined above gives a prime labeling for a graph
G,(fornisodd).

2 16 .

"4 5 19 18 .

u, u, Vv, p— v,

7

21 20 -

"30—-&3 Vip———————o

'8 9 u AL 22

Uy 4 4 v,
10 1 23 24

Uso—oy U, | S V.
L 12 13 26

2, vl %

[§] 6 6

" 14 15 27 28

U, o——i, V?-—o Vv,

Figure 3: Prime labeling of GO K, whereG =H,

Case (ii): When n is even.

If n is even then we join the vertices U

,  and V_.
4 i

2 2
Therefore in the above labeling f defined in case (i) we have

to change only these labels f [vn j =1, f(v)=2n+2i+1
2

for1£i<g, f(v.)=2n+2i-1 for2<i£n.

s g 111 u, |-, -
o 1 o oy o o
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o1 [yl

Now clearly vertex labels are distinct.
Thus labeling defined above gives a prime labeling for a
graph G,(fornisodd). Thus G[ K, is a prime graph.

u, 2 3 15 14

S —— L] v, oV
' 4 5 17 16
uzn u2 \)2 =V:
"B 7 w1 18 .
”3.—0113 - Vi
'8 9 V,119 20 .
Uy @ u, 4 v,
10 1 21 22
“5.—".:‘;s Ve :v:i
12 13} V23 24
—— 4
u() u(’ Ve

Figure 4: Prime labeling of G K,whereG =H,

Theorem 2.3:
The graph obtained by identifying the central vertex of K ,

at each pendent vertex of a comb C,, is a prime graph.

Proof:
Let P, be the path u,,u,,...u, . Let V, be a vertex adjacent to

U;, 1<i<n.The resultant graph is comb C, . Let
X, W;, Y; be the vertices of i'th copy of K, with W, is the

central vertex. Identify the vertex W, with V;, 1<i<n.We
get the graph G whose vertex set is

U, Uy, UV Vel VX X X Y Yo e Yot

The edge set

={uu,, /I1<i<n-Tou{uv, v, x,v,y, /1<i<n}

Here |V (G)| =4n

Define a function f :V(G) —>{1,2,..4n} by

f(u)=4i-3 for 1<i<n,
f(v)=4i-1 for 1<i<n,
f(x,)=4i-2 for 1<i<n,
f(y,)=4i for 1<i<n,
Here

ged(f(u;), f(u,,)) =gcd(4i-3,4i+1) =1forl<i<n-1,
as these two numbers are odd and their difference is 4
ged(f(u;), f(v,))=gcd(4i—-3,4i-1) =1,

as these two numbers are consecutive odd numbers.
ged(f(x;), f(v,))=gcd(4i—2,4i—-1)=1land

ged(f(y,), f(v.))=gcd(4i,4i-1) =1

Since both are consecutive positive integers.

Clearly vertex label are distinct. Thus labeling define above
gives a function f isa prime labeling of G. Thus G is a

prime graph.
X0 W X, V3 X3 Va X5 Vs X Ve X, Y1 Xg V8 o

32
14 1 2
18 22 ha\26 o\
Vi 154V, 198Vs 228 Vs 27§ V7 3Ty
9 13|17 21 25 129
u, Us ug U; Uy

Figure 5: Prime labeling of Comb identifying the central
vertex of K , at each pendent vertex

Theorem 2.4:
The graph G K, is a prime graph where G is a Ladder

graph with n vertices.

Proof:
Let u,u,,..U.,V,,V,,..V, be the two paths of equal length,

join U; and V;, 1<i<n. The resultant graph is Ladder
graph G. Add two new vertices X;,Y, and join these

vertices with U; and V; respectively, 1<i<n. we get the
graph G, ie, Gl K.

Now the vertex set is

{U, Uy, U Vi VoV X Xy Xy Vs Yo Vi )

The edge set is
E(G1) :{uiu i+11
here |V (G,)|=4n

Define a function f :V(G,) >{L2,...4n} by

v.v, , /1<i<n-}u{uv,v, y, u x /1<i<n}

i+l

f(u)=4i-1 for 1<i<n,
f(v.)=4i-3 for 1<i<n,
f(x;,)=4i for 1<i<n,
f(y,)=4i-2 for 1<i<n,

Here gcd(f (u,),(u,,,)) =gcd(4i-1,4i+3)=1 for 1<i<n-1,
as these two numbers are odd and their difference is 4.
ged(f(v,), f(v,,,))=gcd(4i-3,4i+1) =1,

ged(f (u,), f(v,))=gcd(4i-1,4i-3) =1,

Since both are consecutive odd numbers.

ged(f(u;), f(x,)) =gcd(4i—1,4i) =1land

ged(f(v,), T(y;)) =gcd(4i-3,4i-2) =1,

Since both are consecutive numbers.

Clearly vertex labels are distinct.

Thus a labeling defined above gives a prime labeling for a
graph G,. Thus G K| is a prime graph.
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44 8q 129 169 20¢ 249 39 3

3 7 11 15 19 23 27 31

u, u, iy u, U U U, Uy,

5 9 13 17 21 25 29

] ‘I,f2 vy v_‘ '|,r‘5 Vf, ‘V‘? VR
2¢ 6“ 108 14¢ 180 229 26¢ 30‘!
)"I J}Z Vs Yy Vs Ve Vs Vs

Figure 6: Prime labeling of GLI K,whereG =L,

Theorem 2.5:

The graph G+ K| is a prime graph where G is a H-graph
with n vertices.

Proof:

Let G be the graph with vertices u,,u,,..u,,V;,V,,...V, . Let
V,, be the new vertex, join V,U; and V,V; where 1<i<n in
G . we get the graph G,ie, G+K.

Now the vertex set of G, is {u;,u,,..U,,V,,V,,...V,,Vo}.

The edge set

E(G)={uu,,,.v,v,,/1<i<n-Tu{v,u,v,v, /1<i<n-1}

u{umvml if nis odd}

2 2

u{un+1vn [if nis even}
2 2

here V |G, |=2n+1.

Define alabeling f :V(G,) >{L2,3,..2n+1} by
considering the following cases:

Case (i): When n is odd.

f(vy)=1
f(vi)=”7+1+i+1 for1<i<n,
f(ui):3n+1+i+1 for 1£i£n—+l,
2 2
f(ui):i_[n—_?’j for n+1£i£n,
2 2

here ged( f (vo), f (v,)) = ged(d, f (v)) =1
ged(f (v,), (u,)) = ged(@, f(u)) =1,

god(f(v,), f(v,,)) = gcd(nTﬂ+i+l,nTJrl+i+2J _1

for1<i<n-1],

ged(f (u), f (u, ) = ged [%nu 3n+1

+i+2j:1

for 1£i§(n7+1j—2,

ged(f (u), f(u, ) =gcd{i—(n7_3),i—(n7_3j+lj 1

for nTJrlgisn—l,

Since these are all consecutive numbers.

o g 1o 1 v ot 2 v -1

since f[vml] is odd.

2
Clearly vertex labels are distinct.
Thus the labeling defined above gives the prime labeling for a

graph G,(fornisodd).

ug ¢ ‘
Vv,
u‘) s

Figure 7: Prime labeling of G + K ,whereG = H,

Case (ii): When n is even.
f(v,)=1

3n .
f(u)=—+i+1
u)==

. (n=2
f(ui):l—(Tj

n .
f(v)==+i+1
M) =2

for 1<i<41
2
for E+1Si£n,
2

for 1<i<n,

Similar to case(i) here also gcd(f (u;), f(u,,,)) =1
ged(f (v,), F(v,.)) =1,
ged(f(vo), f(u;)) =1, ged(f(v,), f(v;)) =1 and

SUCAICY

Thus G+ K, is a prime graph.
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Figure 8: Prime labeling of G+ K,whereG =H,,

3. STRONGLY PRIME GRAPHS

Theorem 3.1:
The Comb graph C,, is a strongly prime graph.

Proof:
Let Cy, be the Comb graph with vertex set

S 7R VZS VAR VARVARSATAS 3

Let E(Cy,) be the edge set of the comb graph is
E(Cypn) ={viv; /1<i <n}udvivi, /1<i<n-1}.

Here V|Cy,|=2n, wherenisa positive integer.

If v is any arbitrary vertex of C,, then we have the

following possibilities.

Case (i): When v is of degree 2,3.

If V=V for some je{l,2,3,..n} then the function

f:V(Cyy) > {L2,3,...2n} defined by
M+2i-2j+1  if i=12,..j-1
f(vi) =

2i—-2j+1 if i=j+1]j+2,..n,
f(vj)=1,
. 2n+2i-2j+2 if i=12,...]-1L
and f(y)=4- ATere =4
2i—-2j+2 if i=j+1j+2,.n,
f(vj)=2.

ged(f(v,), f(v,,,))=0cd(2n+2i—2j+1,2n+2i-2j+3) =1
for 1<i<j-2,

ged(f(v;), f(vj 1)) =0cd(2i-2j+12i-2j+3) =1
for1<i<n-1,

Since they are all consecutive odd numbers.

ged(f(v,), f(v;))=gcd(2n+2i—-2j+1,2n+2i-2j+2) =1
for 1<i< j-1,

ged(f(vy), f(vj)) =gcd(2i-2j+1,2i-2j+2) =1

for 1<i<n.
Since they are consecutive integers.
Clearly vertex label are distinct.
Thus Cy, is a prime labeling with f(v) = f(v;)=1. Thus f
admits prime labeling as well as it is possible to assign label
1 to any arbitrary vertex of degree 2,3 in Cy,.

i V> oW v Ysooy, W
8 Mo l1 2 [1 4 lz ‘4 Is
7 9 1 13 1 3 5
Vi Vo s Vo Vs Ve v’;‘

Figure 9: Strongly prime labeling of Comb C,; (v=vs)
Case (ii): When vV is of degree 1.

i
obtained from f in case (i) by interchanging the labels

Let v=v; for some je{1,2,3,..n}. let f, be the labeling

f(vj) and f(v'j) and for all other remaining vertices

fy(v) = f(v).Then the resulting labeling f, is a prime
labeling as well as it is possible to assign label 1 to any
arbitrary vertex of Cy,. Thus from all the cases described

above Cy,, is a strongly prime graph.

Figure 10: Strongly prime labeling of Comb Cy; (v =vs)

4. CONCLUDING REMARKS

The prime numbers and their behavior are of great
importance as prime numbers are scattered and there are
arbitrarily large gaps in the sequence of prime numbers. If
these characteristics are studied in the frame work of graph
theory then it is more challenging and exciting as well.
Here we investigate several results on prime graphs and we
prove that comb graph is a strongly prime graph.
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